Abstract. We define natural first order Lagrangians for immersions of Riemannian manifolds and we prove a bijective correspondence between such Lagrangians and the symmetric functions on an open subset of m-dimensional Euclidean space.
In the present paper we are interested in Lagrangians which are defined only for immersions. This restriction makes the space of Lagrangians larger. It is clear that all natural first order Lagrangians, as defined by Palais, are Lagrangians for immersions. In this paper we show that any smooth symmetric function on the positive orthant of R m uniquely determines a natural first order Lagrangian for immersions.
1. Lagrangians for immersions. Let M and N be smooth (C ∞ ) manifolds. Then on the space C ∞ (M, N ) of smooth maps between M and N there is defined the weak C 1 -topology; a generic neighbourhood of a map belonging to C ∞ (M, N ) is a set of smooth maps which on a given compact subset of M have their values and the values of the first partial derivatives sufficiently close to the given map (cf. [H] or [M] for the precise definitions).
If M , N are two smooth manifolds then we denote by J 1 (M, N ) the set of 1-jets of smooth maps. In other words, J 1 (M, N ) consists of the equivalence classes, called jets, of local smooth maps from M to N . The equivalence is given by the requirement of equality of the Taylor series up to the first order at the source of a jet (cf. [P 1 ], [H] or [M] ). We denote by J 1 (M, N ) a subset of J 1 (M, N ) which consists of 1-jets of local immersions, i.e. immersions defined on open subsets of M . In other words, the differentials of such maps are monomorphisms. It is clear that the dimension of M has to be less than or equal to the dimension of N . Moreover, it can be proved that M 2 , N 1 and N 2 be smooth manifolds. Suppose that we are given a diffeomorphism φ : M 1 → M 2 and a smooth map ψ : N 1 → N 2 . Then the couple of maps (φ, ψ) determines, in a natural way, a map
where y 0 = φ(x 0 ). It can be shown that Φ(φ, ψ) is a smooth map between
is an isometry and ψ : N 1 → N 2 is an isometric immersion. The composition of morphisms is defined componentwise. A morphism F ∈ Mor(X 1 , X 2 ) induces a map
of jet spaces which preserves the subspaces of jets of immersions and thus
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we have the restriction map
Our aim is to define a natural first order Lagrangian for immersions. We consider maps L on K m with values in a class of functions. We suppose that if X ∈ K m and X = ( (M, g) 
. We mean that a pair of Riemannian manifolds determines, via L, a smooth real-valued function on the space of jets of functions between these two manifolds. Suppose that U , V are open subsets of M and N , respectively. Then the restricted pair Y = ((U, g| U ), (V, h| V )) clearly belongs to K m . We assume that L has the following property: for each X and for each restriction 
) then L(X)j depends continuously on the Riemannian metrics on M and N in the C 1 -topology.
We observe that if
This definition is a particular case of Palais' natural first order Lagrangian (cf. [P 2 ] and [K] ). In our case, for each X ∈ K m , L(X) is a function on J 1 (M, N ) which is the set of jets of local immersions. Since
and we have the following observation.
Observation 2. Let L be a natural first order Lagrangian (cf.
is a natural first order Lagrangian for immersions.
Hence all natural first order Lagrangians are natural first order Lagrangians for immersions. We shall see that the converse is not true (cf. Observation 5).
Example 3 (cf. [P 1 ], [K] ). Let X = π ∈ K m and let j
be a jet of a smooth map. Then f * h x 0 is a symmetric bilinear form on T x 0 M . We associate with this form a linear map
. . , λ m be the eigenvalues of A x 0 , which may be multiple. Suppose that σ : ∆ + m → R is a symmetric map on the positive orthant
Then we put e σ (X)j
It is easy to prove that e σ is a well-defined natural first order Lagrangian in the sense of Palais. In [K] it is shown that all natural first order Lagrangians are of this type.
If f : M → N is a smooth map, M is compact and ν g is the density on [ES] ). There is a particular interest in the first elementary symmetric function σ 1 (λ 1 , . . . , λ m ) = λ 1 + . . .+ λ m because σ 1 -energy is just the energy of f and thus the critical points of E σ 1 are the harmonic maps between M and N .
Example 4. We put int ∆
. . , m} and we consider a smooth function σ on int ∆ + m . Then σ determines a natural first order Lagrangian e σ for immersions in a similar way to Example 3. In fact, if X ∈ K m and X = ((M, g), (N, h)) then for j
where λ 1 , . . . , λ m are the eigenvalues of the linear map A x 0 which is determined by f * h x 0 ; it is clear that the eigenvalues λ 1 , . . . , λ m of A x 0 are positive. Then it is easy to observe that e σ is a natural first order Lagrangian for immersions. Natural first order Lagrangians for immersions are defined on pairs of Riemannian manifolds belonging to K m . However, we shall show that they are determined by their value on the pair ((R m , st), (R m , st)) where st denotes the standard metric structure on R m .
Lemma 6 (cf. [P 2 ]). Let (M, g) be a Riemannian manifold of dimension m and let x 0 ∈ M . Then there exists an infinite sequence of Riemannian metrics on M converging to g in the C
1 -topology such that each element of the sequence is flat in some neighbourhood of x 0 .
P r o o f. 1
o We suppose that: M is the unit ball of R m centred at zero and the canonical coordinates of R m are normal for the Riemannian metric g. We denote by g the standard flat metric on M induced from R m . Then, in the canonical coordinates of R m , we have
for each x ∈ M , where (g ij (x)) i,j=1,...,m is a symmetric positive definite matrix of C ∞ functions on M . We develop each g ij in a Maclaurin series up to the second order. The crucial observation is that the first derivatives of g ij vanish at zero. In fact, let ∇ be the Levi-Civita connection of g. Then for each γ = 1, . . . , m we have
because all three terms vanish at zero. Hence for each i, j = 1, . . . , m we have
where δ ij is the Kronecker delta and f
We denote by B(r) the closed ball in R m centred at zero and of radius r. For later estimates we introduce a constant C defined as follows:
i, j, α, β, γ = 1, . . . , m .
It is easy to observe that for each n:
(ii) g n and g coincide on B(1/2 n+1 ); (iii) g n and g coincide on M \ B(1/2 n ).
We are going to prove that g n tends to g in the C 1 -topology, i.e. for each compact subset K of M , g n tends to g uniformly on K and ∂g n /∂x γ tends to ∂g/∂x γ uniformly on K. Equivalently, we are to show that g n − g and ∂(g n − g)/∂x γ tend to zero uniformly on K.
3 o We have
Hence to show that g n − g tends to zero in the C 1 -topology it is enough to show that f αβ ij (x)x α x β tends to zero for all i, j, α, β. Since the support of µ(2 n x ) is contained in B(1/2 n ), for each compact subset K of M we have
Hence to prove that g n − g tends to zero in the C 1 -topology it is enough to show that the right hand sides of (1.1) and (1.2) tend to zero for all i, j, α, β, γ = 1, . . . , m.
Hence the right hand side of (1.1) tends to zero as n tends to infinity.
Then we have the following estimates:
Hence the right hand side of (1.2) tends to zero. As g n coincides with g on M \ B(1/2 n ), we do not lose generality by restricting our proof to M being the unit ball in R m .
2. Main theorem. Let L be a natural first order Lagrangian for immersions and let X = ( (M, g), (N, h) ) ∈ K m . Suppose that x 0 ∈ M , y 0 ∈ N , and let g n and h n be sequences of Riemannian metrics tending to g and h, respectively, in the C 1 -topology. Moreover, assume that g n and h n are flat in some open neighbourhoods of x 0 and y 0 . Hence we have a sequence of objects
f for each n is determined by a pair which is a restriction of X to an open flat neighbourhood of x 0 and y 0 . Such flat sufficiently small neighbourhoods are isometric, via the inverses of exponential maps, with open neighbourhoods of T x 0 M and T y 0 N , respectively. Since L is local and invariant by isometries we get
We observe that we apply here property (i) of Definition 1. We also notice that the jet j 1 0 B corresponds to j 1 x 0 f via exponential maps. From (2.2) it follows that the sequence considered in (2.1) is constant. Hence
where O is a self-adjoint positive isomorphism and P is an isometric monomorphism. Let λ 1 , . . . , λ m be the eigenvalues of O. There exists a linear isometry T :
in the canonical basis of R m . Since L is invariant under isometries of pairs of Riemannian manifolds, from (2.3) and (2.4) we get
where diag[λ 1 , . . . , λ m ] is an endomorphism of R m whose matrix in the canonical basis is as in (2.4). We observe that the value of L(X) at j g), (N, h) ) ∈ K m and j
f := σ(λ 1 , . . . . . . , λ m ) where λ 1 , . . . , λ m are the eigenvalues of the self-adjoint part of the polar decomposition of d x 0 f . It is easy to prove that L σ is a well-defined first order natural Lagrangian for immersions.
Then we have the following version of the Palais classification theorem for Lagrangians (cf. [P 2 ], [K] ).
Theorem 8. There is one-to-one correspondence between the first order natural Lagrangians for immersions and the symmetric smooth functions on int ∆ + m . The correspondence is defined in the following way: with a smooth symmetric map σ : int ∆ + m → R we associate the Lagrangian L σ . P r o o f. It is clear that L σ is a natural first order Lagrangian for immersions. On the other hand, from previous considerations it follows that each such Lagrangian has to be of the type L σ .
To end this paper we give an explicit description of the set of smooth symmetric functions on int ∆ 
